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We prove that every LΣ(n)-space (that is, the image of a separable metrizable space under
an at most n-valued upper semicontinuous mapping) is a union of n subspaces of countable
pseudocharacter and has countable tightness. In particular, every LΣ(n)-space has a dense
set of Gδ-points, and every LΣ(n)-topological group has countable network.
© 2009 Elsevier B.V. All rights reserved.
All spaces in this article are assumed to be Tychonoff (= completely regular Hausdorff). We use terminology and notation
as in [3]. For multivalued mappings we do not require that images of points all be nonempty; if p : X → Y is a multivalued
mapping and A ⊂ X , then p(A) is deﬁned as ⋃{p(x): x ∈ A}. The composition of two multivalued mappings p : X → Y and
q : Y → Z is deﬁned by the rule (q ◦ p)(x) = q(p(x)). A multivalued mapping p : X → Y is upper semicontinuous if for every
open set V in Y the set {x ∈ X: p(x) ⊂ V } is open in X , or, equivalently, if for every point x in X and every neighborhood V
of p(x) in Y there is a neighborhood U of x in X such that p(U ) ⊂ V .
It is well known that the composition of compact-valued upper semicontinuous mappings is compact-valued upper
semicontinuous. In fact, it is easy to prove that a mapping is compact-valued upper semicontinuous if and only if it is the
composition of a continuous single-valued function, the inverse of a perfect mapping and the inverse of a closed embedding
(see, e.g., [4]).
Let K be a cover of a space X . A family N of subsets of X is called a network modulo K if for every element K of K and
a neighborhood U of K , there is an element N of N such that K ⊂ N ⊂ U [5].
Given a cardinal κ , ﬁnite or inﬁnite, a space X is called an LΣ(< κ)-space [4] if it satisﬁes one of the following equivalent
conditions:
There is a second-countable space M and a compact-valued upper semicontinuous mapping p :M → X such that p(M) = X and
w(p(z)) < κ for each z ∈ M;
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There are a compact cover K of X such that w(K ) < κ for every K ∈ K and a countable network modulo K in X.
X is an LΣ( κ)-space if it is an LΣ(< κ+)-space. X is an LΣ(κ)-space if it is an LΣ( κ)-space and is not an LΣ(< κ)-
space; this concept is especially important in the case of ﬁnite cardinals κ . Of course, for ﬁnite κ , the weights of images of
points and of the elements of the compact covers in the above characterizations can be replaced by the cardinalities.
The classes of LΣ(< κ)-spaces are invariant with respect to closed subspaces, continuous images and countable unions.
Obviously, all LΣ(κ)-spaces are Lindelöf Σ-spaces in the sense of [5]; it is easy to see that LΣ( 1)-spaces are exactly the
spaces of countable network weight. The class of LΣ(2)-spaces includes the Double Arrow space, the one-point compactiﬁ-
cations of Ψ -like spaces, and the one-point compactiﬁcations of all spaces that admit a continuous bijection onto a second
countable space [2], in particular, the one-point compactiﬁcations of uncountable discrete spaces of cardinality less or equal
to the continuum. Assuming MA(ω1), all scattered compact spaces of height 3 and cardinality ω1 are in LΣ( 3) [4].
The article [6] contains several questions about LΣ(n)-spaces; solutions to some of them are presented in [2]. In this
article we give solutions to some more questions in [6].
One of open problems is whether every LΣ(n)-space may be represented as the union of n (or ﬁnitely many, or countably
many) subspaces of countable i-weight (that is, spaces that admit a continuous bijection onto a second-countable space;
Problems 8–10(139–141) in [6]). We present an approximation to the solution of this problem by showing that every
LΣ(n)-space is a union of n subspaces of countable pseudocharacter.
We start from a technical observation. The next statement is well known and follows easily from the deﬁnition of upper
semicontinuity.
Proposition 1. Let p1, p2 be ﬁnite-valued upper semicontinuous mappings from a space M to a space X. Then the mapping
q :M × M → X deﬁned by the rule
q(m) = p1(m) ∩ p2(m) for all m ∈ M,
is ﬁnite-valued upper semicontinuous.
Applying this to the compositions of a mapping p :M → X with the projections of the product M × M , we get
Lemma 2. Let p :M → X be a ﬁnite-valued upper semicontinuous mapping, q :M × M → X be deﬁned by the rule:
q(m1,m2) = p(m1) ∩ p(m2).
Then q is ﬁnite-valued upper semicontinuous.
Theorem 3. Let n ∈ ω and let X be an LΣ( n)-space. Then there are subspaces Xi , i = 1, . . . ,n, of X such that X =⋃ni=1 Xi , and
every point of Xi is a Gδ-point in
⋃i
j=1 X j .
Proof. The proof is by induction on n. If n = 0, then X is empty, and there is nothing to prove.
Suppose the statement of the theorem is already proved for all n  k, and let X be an LΣ( k + 1)-space. Let M be a
second countable space and p :M → X an upper semicontinuous mapping such that p(M) = X and |p(m)|  k + 1 for all
m ∈ M; passing to a subspace of M if necessary, we may assume that p(m1) = p(m2) whenever m1 =m2. Let q :M ×M → X
be deﬁned by the rule q(m1,m2) = p(m1) ∩ p(m2) and Y = q(M × M \ ) where  is the diagonal of the product M × M .
Obviously, all images under q of the points (m1,m2) with m1 = m2 contain at most k points, and by Lemma 2, q is up-
per semicontinuous, so Y is an LΣ( k)-subspace of X . By the inductive hypothesis, Y has the decomposition as in the
statement of the theorem, so we are left to verify that all points of Xk+1 = X \ Y are Gδ-points in X .
Let B be a countable open base for the space M , and F the family of the closures in X of the sets p(B), B ∈ B. Let
x0 ∈ Xk+1; note that there is exactly one point m0 of M such that x0 ∈ p(m0) (otherwise x0 would be in Y ). It follows that
the Gδ-set
P = X \
⋃
{F ∈ F : x0 /∈ F }
is contained in p(m0). Indeed, if x is not in p(m0), then x ∈ p(m) for some m ∈ M , m = m0, and x0 /∈ p(m). Let U be a
neighborhood of p(m) whose closure does not contain x0 and B an element of B such that m ∈ B and p(B) ⊂ U . The
closure of p(B) is an element of F that contains x and does not contain x0, so x /∈ P .
Thus, {x0} = P \ (p(m0) \ {x0}) is a Gδ-set in X . 
Corollary 4. Let X be an LΣ(n)-space for some n ∈ ω. Then X is a union of n subspaces of countable pseudocharacter.
Corollary 5. Let X be an LΣ(n)-space for some n ∈ ω. Then X has a dense set of Gδ-points.
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with respect to closed subspaces and countable unions, V is an LΣ( n)-space. By Theorem 3, V has a point of countable
pseudocharacter in V , and hence in X . 
Tkachuk proved in [8] (in a different terminology) that every compact LΣ( ω)-space has a dense set of Gδ-points. In
view of this result and Corollary 5, it is natural to ask:
Problem 6. Is it true that every compact LΣ(n)-space (n ∈ ω) has a dense metrizable subspace?
A similar question for compact LΣ(ω)-spaces was raised by Tkachenko in [7]; it is shown in [4] that MA(ω1) implies
a negative answer to Tkachenko’s question. See [4] for some related results and discussion. Note that the question only
makes sense for compact spaces, because there are (even σ -compact) spaces with countable network, hence LΣ(1)-spaces,
without points of countable character.
The next corollary gives a positive answer to Problems 4(135) and 5(136) in [6].
Corollary 7. If G is a topological group, and G is an LΣ(n)-space for some n ∈ ω, then G has countable network (and thus n = 1).
Proof. By Corollary 5, G has a point of countable pseudocharacter, so it is submetrizable. Since G is Lindelöf, G admits a
continuous bijection onto a second countable space, and since G is a Lindelöf Σ-space, by Corollary 2 in [1], G has countable
network. 
Example 8. Let X be an LΣ(n)-space for some n > 1 (for example, the one-point compactiﬁcation of the discrete space of
cardinality ω1). Then F (X), the free topological group of X , is a countable union of continuous images of ﬁnite powers of X ,
hence an LΣ(< ω)-space. Since F (X) contains a homeomorphic copy of X , it has no countable network and, consequently,
no Gδ-points.
The next theorem gives a negative answer to Problem 7.3 in [4] (repeated as Problem 11(142) in [6]).
Theorem 9. Let X be an LΣ(n)-space for some n ∈ ω. Then the tightness of X is countable.
Proof. The proof is by induction on n ∈ ω. If n = 0, then the statement of the theorem is true, because the space X is
empty.
Assume that n  1 and that it is already proved that every LΣ( n − 1)-space has countable tightness. Let X be an
LΣ( n)-space and x0 a point of X ; we will verify that the tightness of X at x0 is countable. Suppose it is not, and ﬁx a
subset A of X so that x0 is in the closure of A, but not in the closure of any countable subset of A.
Let p :M → X be an at most n-valued upper semicontinuous mapping from a second-countable space M onto X . We
now have two possible cases.
Case 1. There are a neighborhood U of x0 in X and a subset M1 of M such that p(M1) ⊃ U ∩ A and |p(m) ∩ U | n − 1 for
each m ∈ M1.
Let P be a closed neighborhood of x0 contained in U ; the mapping q :M1 → X deﬁned by the rule q(m) = p(m) ∩ P is
upper semicontinuous and at most (n− 1)-valued, so the space B = q(M1) is an LΣ( n− 1)-space. Obviously, x0 is a limit
point of A ∩ B (because A ∩ B contains A ∩ P ). By the inductive hypothesis, there is a countable subset in A ∩ B whose
closure contains x0.
Case 2. For every neighborhood U of x0 in X and a subset M1 of M such that p(M1) ⊃ U ∩ A there is a point m ∈ M1 such
that |p(m) ∩ U | = n.
We will construct by recursion a sequence of points mα ∈ M , α ∈ ω1 so that p(mα)∩ A = ∅ and mα is not in the closure
of {mβ : β < α} for all α ∈ ω1.
Suppose mβ , β < α, are already deﬁned. Put
S = A ∩
⋃{
p(mβ): β < α
}
.
Then S is a countable subset of A, so U = X \ S¯ is an open neighborhood of x0. Put M1 = {m ∈ M: p(m) ∩ U ∩ A = ∅};
by the choice of the case and p(M) = X , there is a point mα ∈ M1 such that |p(mα) ∩ U | = n. Hence, p(mα) ⊂ U . Let
V = {m ∈ M: p(m) ⊂ U }. Then V is a neighborhood of mα . For all β < α, p(mβ) has nonempty intersection with S , so
p(mβ) ⊂ U , and mβ /∈ V . Thus, mα is not in the closure of {mβ : β < α}.
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tion. 
Of course, the above argument actually proves the following:
Theorem 10. Let n ∈ ω, and suppose there is an at most n-valued upper semicontinuous mapping from a hereditarily separable space
onto a space X. Then the tightness of X is countable.
It is proved in [4] that if X is an LΣ( ω)-space, then X does not contain uncountable free sequences; in particular,
every compact LΣ( ω)-space has countable tightness. Example 2.9 in [4] shows that a σ -compact LΣ(< ω)-space can
have uncountable tightness.
In connection with Theorem 10 it appears interesting to consider the class T (ω) of spaces whose all continuous images
have countable tightness. It is obvious that all hereditarily separable spaces and all compact spaces of countable tightness
are in T (ω); Theorem 10 considerably expands this class. Note that the class of spaces which are at most n-valued upper
semicontinuous images of hereditarily separable spaces is (with n ﬁxed) also σ -additive. Furthermore, the product of an
LΣ(n)-space and an LΣ(k)-space is an LΣ( n + k)-space, hence is also in T (ω).
Example 2.9 in [4] shows that the statement of Theorem 9 cannot be extended to LΣ(< ω)-spaces; in particular, it
follows that the class T (ω) is not σ -additive. In fact, the space in this example is a continuous image of the product
A(ω1)ω × ω (where A(ω1) is the one-point compactiﬁcation of the discrete space of cardinality ω1 and ω is the countable
discrete space), so the product of two spaces in T (ω) need not be in T (ω).
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